The projective unitary group P U (n) is the quotient group of the unitary group U (n) by its center S 1 . We determine the integral cohomology ring H * (P U (n)) using explicitly constructed generators.
Introduction
The projective unitary group P U (n) is the quotient group U (n)/S 1 of the unitary group U (n) by its center S 1 = {e iθ I n ; θ ∈ [0, 2π]}, where I n denotes the identity, n ≥ 2. In the cohomology theory of Lie groups these groups are of particular interest, because any integer dividing n is the order of some torsion elements of its integral cohomology H * (P U (n)), while for the other types of simple Lie groups G (see [21, p.674] ) the only orders of the torsion elements in their integral cohomologies H * (G) are 2 for G with local types SO(n), Sp(n), G 2 , F 4 , E 6 , E 7 , E 8 ; 3 for G with local types F 4 , E 6 , E 7 , E 8 ; 4 for G isomorphic to SO(4n)/Z 2 , and 5 for G isomorphic to E 8 . In this paper we determine the integral cohomology ring H * (P U (n)) using explicitly constructed generators.
Earlier in 1954 Borel [5] investigated the cohomologies of the quotients of the classical Lie groups SO(n), SU (n) and Sp(n) by their center, and obtained in particular a presentation of the mod p cohomology H * (P U (n); F p ) with p a prime. Baum and Browder [6] recovered the result in their study of the Hopf algebra structure on H * (P U (n); F p ). In [20] Ruiz stated a presentation of the cohomology of the projective complex Stiefel manifolds Y n,n−m , that contains the group P U (n) as the special case Y n,n , which is obviously wrong, see Example 1.8. Another result relevant to ours is due to Petrie [16, 17] , who showed that, if n = p r , then the topological K-theory of P U (n) is additively isomorphic to the cohomology H * (P U (n)). Recently, inspired by questions arising from the twisted K-theory and divisibility of characteristic classes [1, 2, 3] , the problem of determining the cohomology of the classifying space of P U (n) has appeared on the agenda [11] . Our result can of course be useful to the topic.
The binomial coefficients n r = n! r!(n−r)! appear naturally in our calculation and construction. It would be convenient for us to begin with an arithmetic result eliminating those numbers. Given an integer 1 ≤ r ≤ n we set b n,r := g.c.d.{ Because b n,r divides b n,r−1 one obtains the sequence {c 2 , · · · , c n } of integers with c r := bn,r−1 bn,r . The following result, that expresses this sequence in term of the integer n, has been shown in [10, Lemma 3.3] . By the prime factorization of an integer n ≥ 2 we mean the unique expression n = p ii) b n,1 = n, b n,r = c r+1 · c r+2 · · · · · c n .
Turning to the group P U (n) we shall regard the quotient homomorphism (1.1) c : U (n) → P U (n) = U (n)/S 1 as an oriented circle bundle on P U (n), and let ω ∈ H 2 (P SU (n)) be its Euler class. The Gysin sequence [15, p.149] for spherical fibration provides an exact sequence relating the cohomologies of the groups U (n) and P U (n) (1.2) · · · → H r (P U (n)) c * →H r (U (n))
In addition to the routine property of the homomorphism θ
(where ∪ denotes cup product on cohomologies) it was shown by Borel that
Our initial idea is to solve the ring H * (P U (n)) from the exact sequence (1.2). To this end we need to specify a set of generators of the ring H * (P U (n)) so that the homomorphism θ in (1.2) can be explicitly expressed. The following result, whose proof appears in Section §4, serves this purpose.
Basic Lemma 1.2. There exist cohomology classes ρ 2r−1 ∈ H 2r−1 (P U (n)), 2 ≤ r ≤ n, that satisfy the following constraints:
Moreover, the homomorphism θ in (1.2) satisfies that a) θ(ξ 2r−1 ) = n r ω r−1 , and, for a multi-index
where
, and where in the formula c) p divides r by Lemma 1.1.
In Lemma 1.2 the recurrences relations a), b) and c) imply a close formula expressing θ(ξ I ) in term of the ω and ρ 2r−1 's, by which the p-divisibility of the classes θ(ξ I e ) and θ(ξ I e · ξ 2 r p −1 ) in c) becomes evident, too. As example we deduce below such a formula for a special case relevant to our main result.
Assume that the integer n has the prime factorization p
For a multi-index
With these notation the formula c) in Lemma 1.2 turns to be
Repeatedly apply 1) to reduce the factor θ(ξ I ∂ ) on its right hand side to get
where the sum must end at t = i k − i k−1 − 1, because the relation ξ
To make use formula 2) we introduce for the I = p i1 , · · · , p i k a set S(I) of certain subsequences of Q p (n), as well as the functions ε I , κ I : S(I) → Z, by
respectively. Then, taking 2) as a recurrence to reduce the length k of I, and applying a) of Lemma 1.2 to evaluate θ(ξ 2p i 1 −1 ) in the final step, yields that
where p r−i1 divides Granted with Lemma 1.2 the exact sequence (1.2) is solvable as to yield the ring H * (P U (n)). To state the result so obtained recall that the integral cohomology of a finite CW -complex X admits a decomposition of the form
where F (X) := H * (X)/T orH * (X) is the free part of the cohomology H * (X), the sum is over all prime p ≥ 2, and where the summand σ p (X) is the p-primary component of the cohomology H * (X) defined by
In addition, if {α 1 , · · · , α r } is a finite subset of a ring A denote by α 1 , · · · , α r ⊂ A the ideal generated by α 1 , · · · , α r . In particular, for a prime power p r we introduce the graded ring
is the ring of integral polynomials in ω without constant terms. With these convention our main result is Theorem 1.4. If the integer n has the prime factorization p
where for each pair (p, r) = (p i , r i ) with 1 ≤ i ≤ t,
Assume in Theorem 1.4 that r 1 = · · · = r t = 1. Then for each p ∈ {p 1 , · · · , p t } we have, in addition to
that R {1,p} = ω ⊗ ρ 2p−1 . Theorem 1.4 implies that Corollary 1.5. If the integer n has the prime factorization p 1 · · · p t , then
, and for each I ⊆ Q p (n) the set S(I), as well as the functions ε I , κ I , relies only on p r (i.e. is independent of n ′ ), we get from (1.8) the isomorphism: 
where the generators R I of the ideal are recorded in the table below:
In view these we note that the relations R I , together with the obvious ones
provide us with a system of κ-invariants useful to build up the Postnikov tower of the group P U (8) from the classifying map
where deg(y) = 2, deg(v k ) = 2k − 1. It implies that the order of the product
For an account on the arrangement of this paper let G is a compact connected Lie group with a maximal torus T , and consider the associated torus fibration
In Section §2 we recall and develop general properties of the Leray-Serre spectral sequence {E * , * r (G), d r } of the fibration π, where the terms E * , * 2 (G) with G = U (n), P U (n) are made explicit. The central part of this paper is Section §3, where we deduce a Gysin type exact sequence (3.4) relating E * , * 3 (P U (n)) and E * , * 3 (U (n)), construct the preliminary forms ρ
of the classes ρ 3 , · · · , ρ 2n−1 promised by Lemma 1.2, and demonstrated their properties relevant to Lemma 1.2. Section §4 deals with the extension problem from E * , * 3 (P U (n)) to H * (P U (n)), as well as the verification of Lemma 1.2. With these preparations Theorem 1.4 is established in Section §5.
An appendix to this paper is set to complete the calculation of Baum and Browder [6] on the Bockstein β p :
, where the result for the case p = 2 is requested by showing the relation ρ 2 2r−1 = 0 in Lemma 1.2. Finally, in this paper the cohomologies and spectral sequences are over the ring Z of integers, unless otherwise stated.
The Koszul complex of the fibration π
For a compact connected Lie group G with a maximal torus T the induced map
is the connecting homomorphism in the cohomological exact sequence of the pair (G, T ). By the Leray-Serre theorem [14, p.135] we have that Lemma 2.1. The E * , * 2 -term of the Leray-Serre spectral sequence of π is the Koszul complex E * , *
ii) the differential d 2 is characterized by
and by the Leibniz rule
We shall furnish the higher terms E * , * r (G), r ≥ 3, with the products inherited from that on E * , * 2 (G) ([21, P.668]), and denoted by · both of the products on E * , * 2 (G) and on E * , * r (G). In particular, E * ,0
Example 2.2. The Koszul complex {E * , * 2 (U (n)), d 2 } has a beautiful description due to Borel [4] . Take diagonal subgroup
as the fixed maximal torus on U (n). Let y i ∈ H 1 (T ) be the Kronecker dual of the oriented circle subgroup θ k = 0, k = i, on T , and put
where e r is the r th elementary symmetric function in
Turning to the group G = P U (n) we shall take T ′ := c(T ) ⊂ P U (n) as the preferable maximal torus on P U (n). Let π and π ′ be the corresponding torus fibrations on U (n) and P U (n), respectively. Then the circle bundle c over P U (n) can be viewed as a bundle map from π to π ′ (2.2)
where c induces a diffeomorphism on the base manifolds because ker c = S 1 ⊂ T . To get a presentation of the ring E * , * 2 (P U (n)) so that the induced map c * becomes transparent, we change the basis {y 1 , · · · , y n } of H 1 (T ) by setting
Lemma 2.3. One has the presentations
on which the following relations hold for 1 ≤ i ≤ n − 1:
Proof. The restriction c ′ = c | T yields the short exact sequence
of the torus groups in which ker c
That is, the map c ′ * identifies H * (T ′ ) with the subring Λ(t 1 , · · · , t n−1 ) of H * (T ), showing the presentation of E * , * 2 (P U (n)). Properties i) and ii) are evident as c * is a map of Koszul complexes.
3 (G) to denote its cohomology class. In particular we shall set
As an application of Lemma 2.3 we show that Corollary 2.4. E * ,0
bn,r̟ r ,1≤r≤n . In particular, for each 1 ≤ r ≤ n there exists a class δ r ∈ E 2(r−1),1 2
Proof. Let Im τ ⊂ H * (G/T ) be the ideal generated by the image of the transgression τ . Then by Lemma 2.1
by ii) of Lemma 2.3 we obtain that E * ,0
.
It implies that the order of
We conclude this section with three properties of the spectral sequence {E * , * r (G), d r } useful to solve the extension problem from E * , *
r (G)) = 0 for r ≥ 2 yields the sequence of quotients
whose composition agrees with the induced ring map π * (see [14, P.147] ). For this reason we shall reserve π * also for the composition
The fact H 2k+1 (G/T ) = 0 due to Bott and Samelson [7] implies that a) E 2k+1, * r = 0 for r ≥ 0, and
Combining this with d r (E * ,1 r ) = 0 for r ≥ 3 yields the composition (2.4) κ : E * ,1
which interprets elements of E * ,1 3 directly as cohomology classes of G.
Lemma 2.5. For any ρ ∈ Im κ we have ρ 2 ∈ Im π * .
Proof. For an element x ∈ E 2s,1 3 the obvious relation x 2 = 0 in
one concludes further that κ(x) 2 ∈ F 4s+2 H 4s+2 . The proof is completed by
Assume next that dim G/T = m and dim T = n. Since (G) must be trivial. This implies the following isomorphisms
Lemma 2.6. Let η 1 , · · · , η n ∈ E * ,1 3 (G) be n elements so that their product η 1 · · · η n generates the group E 
Proof. According to Leray [13] the algebra E * , * 3 (G) ⊗ Q is generated multiplicatively by E * ,1 3 (G) ⊗ Q, and the map κ in (2.4) induces an isomorphism (2.6) κ : E * , *
of algebras. In particular, rankE * , *
n monomials is linearly independent in E * , * 3 (G). With rankE * , * 3 (G) = 2 n for assertion i) it suffices to show that the set Ψ spans a direct summand of E * , * 3 (G). Assume on the contrary that there exist an η I ∈ Ψ, a class ς ∈ E * , * 3 (G), as well as some integer a > 1, so that a relation of the form η I = a · ς holds in E * , * 3 (G). Multiplying both sides by η I with I the complement of I ⊆ {1, · · · , n} yields
r a · (ς ∪ η I ) (for some r ∈ {0, 1}).
This contradiction to the assumption shows i).
In view of the identification (2.5) the isomorphism κ in (2.6) transforms the generator
Assertion ii) follows from the same calculation.
Since the ring E * , * 2 (G) is torsion free one has for a prime p the short exact sequence of Koszul complexes
where F p is the field of characteristic p. With respect to the maps κ and π * the connecting homomorphism β p in the associated cohomology exact sequence clearly satisfies the commutative diagram (2.7)
where β p is the Bockstein homomorphism on the cohomologies. In addition, in view of the proof of Corollary 2.4 the quotient map H * (G/T ) → E * ,0
2 (G; F p ) be a d 2 -cocycle with an integral lift z ∈ E * ,1 2 (G), the diagram chasing in the short exact sequence
shows the following formula that evaluates β p on Im κ.
A refinement of the Gysin sequence (1.2)
To study the cohomology of a Lie group G the primary task is to specify a set of such generators by which the ring H * (G) admits a concise formulation. In this section we boil down the constructions and computations in H * (P U (n)) to E * , * 2 (P U (n)), whose structure has been made explicit by Lemma 2.3.
In view of the decomposition
by Lemma 2.3 we have the short exact sequence of Koszul complexes
As a result, every element x ∈ E * , * 2 (U (n)) can be uniquely expressed as
With (1 ⊗ t 0 ) 2 = 0 we get from (3.2) the multiplicative rule of the map θ
Lemma 3.1. The map c * in (3.1) induces the exact sequence
Proof. The sequence (3.4) is the exact sequence associated to the short exact sequence (3.1) of Koszul complexes. Formula i) is an instance of (3.3), while ii) comes directly from the definition of the connecting homomorphism in the exact sequence associated to a short exact sequence of cochain complexes.
In view of the quotient ring map f : Z[x 1 , · · · , x n ] → H * (U (n)/T ) by (2.1) introduce the maps F and F of Koszul complexes by
where the differentials d on K * , * and d on K * , * are defined in accordance to d 2 and d ′ 2 , respectively. For a geometric interpretation on the map F (also on F ) consider the fibration induced by the inclusion T ⊂ U (n)
where BH is the classifying space of the group H. Evidently, K * , * is the Koszul complex associated to the universal T bundle on BT , f is the induced ring map of the fiber inclusion i, while F is induced by the bundle map over i.
The maps F and F restrict to the commutative diagrams (3.5)
e1,··· ,en in which we notice the following relations.
Proof. Property i) comes from the definition of d (resp. d), while ii) follows from the commutivity of the diagrams (3.5). To show iii) we take the case G = U (n) as an illustrative example. Suppose that
where we can assume that p 1 − p ′ 1 = 0. Since the subset {τ (t 1 ), · · · , τ (t n )} is algebraically independent in Z[x 1 , · · · , x n ] (by ii) of Lemma 2.3), it implies that all the differences p i − p ′ i with i = 1 are divisible by τ (t 1 ). That is
Lemma 3.2 enables us to construct elements in E * ,1 3 (G) from polynomials in ker f . As applications we construct below explicit elements
which will be shown to generate the rings E * , * 3 (U (n)) and E * , * 3 (P U (n)), respectively. The following identity is crucial in the construction of ρ
Proof. Let g r = x Taking r = p s and separating the sum at t = p s − p s−1 yields (3.6), because of
Construction A. Assume that G = U (n) and 1 ≤ r ≤ n. By i) of Lemma 3.2 the symmetric functions e r belongs to Im d, hence d( e r ) = e r for some e r ∈ K * ,1 . Further, with e r ∈ ker f by (2.1) the element F ( e r ) ∈ E * ,1 2 (U (n)) is d 2 -closed by ii) of Lemma 3.2, hence yields the cohomology class
We emphasis this point that, by the assertion iii) of Lemma 3.2, the class ξ ′ 2r−1 relies only on the polynomial e r , and is independent of the choices of e r . For this reason we do not need to entail a particular formula of e r . The same observation applies also to the next construction.
Construction B. Assume that G = P U (n). Let δ r ∈ E 2(r−1),1 2 be a class specified in Corollary 2.4, 2 ≤ r ≤ n. 
In accordance to the constants c r decided by Lemma 1.1 introduce the elements h r ∈ E 2(r−1),1 2
(P U (n)) by the formulas 
Subject to the exact sequence (3.4) the classes ξ We have E * , * 
Proof of Lemma 3.4. For i) it can be shown that . [18, (4.1.3)] ). As a result the product ξ (U (n)) = Z by (2.5). Since the ring H * (U (n)) is torsion free with rankH * (U (n)) = 2 n , assertion i) follows from Lemma 2.6. In accordance to c r = 1 or > 1 the relation ii) is verified by the following calculations in E * ,1
where the sums are over 1
The proof of Lemma 3.5 requests two additional formulas we are about to deduce. For a multi-index I = {i 1 , · · · , i k } with k ≥ 2 we set
2 (P U (n)), and
With these convention we have in term of (3.2) that e I = a I + θ( e I ) ⊗ t 0 .
Applying the relation d
gives rise to the identity on E * , *
In addition, setting r = i k and applying θ to the product
we obtain from (3.3) the identity
Proof of Lemma 3.5. If I = {r} is a singleton one gets formula a) directly from (3.11) . Assume next that I = {i 1 , · · · , i k } with k ≥ 2, and put r = i k . If c r = 1 we get formula b) from If c r = p > 1 we have r = p s by Lemma 1.1. In (3.11) substituting
in places of a r and n r , respectively, and using (3.10) and (3.11) to rewrite the resulting equality yield
where the sums are over 1 ≤ t ≤ p s − p s−1 . Since p s dividing n by Lemma 1.1, and since
above equality on E * , * 2 (P U (n)) implies the formula c) on E * , *
This section is devoted to show Lemma 1.2. We begin with the following precise characterization of the classes ρ 2r−1 promised in Lemma 1.2:
The first half of Lemma 1.2 is shown by the following result. Proof. For i) assume that n = 2 k (2b + 1), and let β 2 be the mod 2 Bockstein homomorphism. Then we have ρ 
By the naturality of the transformation κ in (2.4) with respect to bundle maps, we have the commutative diagram E * ,1
where the first and the second summands are respectively the free part and torsion ideal the corresponding rings.
Proof. Let i : SU (n) ֒→ U (n) be the inclusion of the special unitary group. The map l :
, is clearly a retraction. As a result l * induces the decomposition
on which i * annihilates the second summand, and carries the first summand isomorphically onto the subring (see (1.4))
In addition, we note that the composition c•i : SU (n) → P U (n) is the universal cover of the group P U (n) with deg(c
Since the product ξ 3 ∪ · · · ∪ ξ 2n−1 generates the group H m+n−1 (SU (n)) = Z, and since c 2 · · · c n = n by Lemma 1.1, the calculation
by ii) of Lemma 4.1 implies that ρ 3 ∪ · · · ∪ ρ 2n−1 generates H m+n−1 (P U (n)) = Z. With ρ 2 2r−1 = 0 we conclude by ii) of Lemma 2.6 that the free part of the ring H * (P U (n)) is isomorphic to Λ(ρ 3 , · · · , ρ 2n−1 ). Let z ∈ H * (P U (n)) be a torsion element. Since H * (U (n)) is torsion free we must have c * (z) = 0. That is z ∈ ker c * = ω by (4.2), showing the decomposition (4.3) of H * (P U (n)). For the case E * , * 3 (P U (n)) we note by (4.1) that the identification (2.5) transforms the product ρ 
As in Corollary 1.
In the Gysin sequence (1.2) note that Im θ = ker ω is an ideal. Lemma 5.2. We have that
and, for each
Proof. Since Im θ is spanned additively by θ(ξ I ) (I ⊆ {1, · · · , n}) formula (5.1) amounts to that, for any multi-index I ⊆ {2, · · · , n} one has Consider next an element y ∈ ker h with deg(y) > 2 and with y = a 0 + ω ⊗ a 1 + · · · + ω r ⊗ a r , a i ∈ Λ(ρ 3 , · · · , ρ 2n−1 ).
One infers from h(y) = 0 that a 0 = 0, hence y = ω ⊗ x with x = 1 ⊗ a 1 + · · · + ω r−1 ⊗ a r .
By the exactness of (1.2) one gets from h(y) = ω ∪ h(x) = 0 that h(x) ∈ Im θ, hence the expansion the elements F ( g r ) ∈ E * ,1 2 (P U (n); F p ) are d Assume below that p t ≤ r < p t+1 with t + 1 < k. Then the d 2 -cocycles F ( g r ) ∈ E * ,1 2 (P U (n); F p ) have the obvious integral lifts F ( e r ) ∈ E * ,1 2 (P U (n)) (in the notation of Construction B). Applying Lemma 2.7 yields that b) β p (η 2r−1 ) = Granted with Lemma 6.4 the proof of (6.2) is completed by a) and b).
Remark 6.5. The study of the prime orders ord p n r of the binomial coefficients n r has a long history in number theory, see the survey article [12] by Granville.
